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Fig. 1. The strong coupling parameter qb (eq. (4) and explana- 
tion before) as a function of  (@) for 2=oo and 2. 
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Fig. 2. The sketch of the flow lines in the x - y  plane. The solid line 
represents the symmetry breaking phase transition. 

removed. We can conclude that there should be two 
separate regions in the broken phase. When the bare 
Yukawa coupling is small both the scalar and fer- 
mion couplings decrease as the cut-off increases. On 
the other hand when the bare Yukawa coupling is 
large, the fermion mass increases with increasing cut- 
off. In the infinite cut-off limit the fermions are infi- 
nitely heavy. An important question to answer is: 
What separates the two regions? The phase structure 
of  this system can be very complicated. In the follow- 
ing we consider two basic and simplified scenarios. A 
possible realization of the renormalization group flow 
lines is shown in fig. 2. The direction of the arrows 
shows the change of the couplings with increasing cut- 
off. 

(1) The change in the direction of the flow is 
caused by a (tri)critical point A. A lies on the surface 
separating the symmetric and broken phases. The 
above described two regions can be separated by a 
phase transition line but it is possible that there is no 
singular behaviour in the broken phase away from the 
critical surface. The critical point A is ultraviolet sta- 
ble, the flow lines are going away from this fixed point. 
For bare Yb smaller than the critical coupling the re- 
normalized Yukawa coupling will approach the value 
Yr = 0 in the infinite cut-off limit. For Yb larger than 
the critical coupling we have Yr = ~ .  For large but fi- 
nite cut-offyr changes rapidly ifyb~Ycr ~3. By tuning 
the bare parameters around A the renormalized pa- 
rameters can take any value within the sponta- 
neously broken region. A continuum theory with two 
relevant operators can be defined this way. 

(2) The symmetric and broken phases are sepa- 
rated by a first order phase transition. In this case 
continuum theory can be defined only at the pertur- 
bative fixed point. The existence of point A and the 
change of the direction in the flow lines can still influ- 
ence the value of the upper bound of the heavy quark 
mass in an effective model. 

The behaviour of renormalized quantities like the 
fermion mass should clearly indicate the existence of 
the two regions. Local observables like ~vcan be used 
to study the order of the phase transition. 

We investigated the model at infinite scalar cou- 
pling (Ising limit). In order to justify the existence of 
the two regions it is sufficient to perform a quenched 
calculation. At weak Yukawa coupling the effect of 
fermions is small, the pure scalar action is a good ap- 
proximation for the full theory. The previously dis- 
cussed strong coupling expansion shows that for in- 
finite Yukawa coupling the fermionic model reduces 
to the scalar model in the Ising limit. The quenched 
action should then be a good approximation for the 
strong y region as well. We do not know whether for 
intermediate couplings the scalar action gives a good 
description for the fermionic model, but in order to 
study the different flow lines it is sufficient to inves- 
tigate the small and large Yukawa coupling regions. 

~3 In ref. [ 10] we interpreted such a sudden change as a sign for 
a first order phase transition. Whether or not this change cor- 
responds to a true thermodynamic singularity of the first order 
type in the infinite volume limit deserves further study. 
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cont inuum theory has two independent physical 
parameters. One of  them is the scalar (Higgs) mass, 
the other is the fermion mass or the renormalized 
Yukawa coupling, y, is non-zero, this fixed point is a 
non-trivial ultraviolet stable fixed point. To investi- 
gate this possibility dynamical fermion calculation is 
necessary. 

We studied an U ( I  ) invariant scalar-fermion 
model with dynamical fermions. In this paper we 
concentrate on the phase diagram of  the model. We 
find a rich phase structure with ferromagnetic, anti- 
ferromagnetic, two different symmetric and a ferri- 
magnetic (both ferromagnetic and antiferromagnet- 
ically ordered) phases. 

In section 2 we define the model and study its 
properties by analytical methods. Section 3 contains 
the numerical results for the phase diagram, while 
section 4 is a short discussion on the possible contin- 
uum limits of  the model. Section 5 concludes the 
paper. 

with one massive and one massless (Goldstone) ex- 
citation. In the following we will refer to this phase as 
ferromagnetic (FM).  The S and FM phases are sep- 
arated by a second order phase transition at 
~c + ~ 0.15. Scalar models with Z2 [ 7 ] and O (4) [ 8 ] 
symmetries have been the subject of  many extensive 
investigations lately. It is well established that these 
models are free in the infinite cut-offlimit,  their crit- 
ical behavior is governed by a gaussian fixed point. 
For negative ~c, at K/- = - X c  + there is a second order 
phase transition separating symmetric and antifer- 
romagnetically ordered (AM) phases. 

At y = ~  the fermionic determinant can be evalu- 
ated. When the scalar field has unit length, its contri- 
bution to the action is zero and we end up again with 
the U ( 1 ) invariant scalar model with 2 critical points 
at ~c + and x2.  The next order correction in 1/y2 can 
be easily calculated and gives the effective action 

( ' )  & . . . . . .  ~:+ ~ y. ~o*~(~on+,+~o,_~). (2)  
• n . l z  

2. Analytical considerations 

2.1. The model 

This action predicts the two phase transition lines 
starting from K~ + and ~c~ at .v=oc to extend into fi- 
nite 3, along the lines ~c+ 1/y2 = x+ / - (fig. 1 ). 

The model we study is an U ( 1 ) scalar model cou- 
pled to two sets of  naive fermions 

7u ( S=Ssc+ Y~ Y ~ 5 -  ~'J+"-~'~-" 
n . ~  o e =  1 , 2  

+ y  ~ #~ exp(iTs0,) q/~ 
n 

+) ,~ ,  ~TZexp(_iys0,) ~ 2 ) ,  

Ssc = -~c ~ (o*(~o,+, +~o,_,,) , (1)  

where ~n=exp(i0~) is a unit length complex field. 
Part of  the phase structure of  this action was studied 
in ref. [31. 

2.2. Symmetr ies  and limits 

At y = 0  the action is a 2-component non-linear 
scalar a model. For small ~c the system is in a sym- 
metric (S) phase. For large x it has a broken phase 

2.3. Mean.f ield approximation at small  y, ~c= O. 0 

At small y we expand the functional integral in y, 

0.2 

o.o . . . .  J . . . .  ~'M - I ' '  ' ~  

0.4 

- - 0 . 8  . . . .  V I 1~[ I / [ I I 

o 1 2 
y 

Fig. I. The approximate phase diagram of the model. 
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removed. We can conclude that there should be two 
separate regions in the broken phase. When the bare 
Yukawa coupling is small both the scalar and fer- 
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the other hand when the bare Yukawa coupling is 
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lines is shown in fig. 2. The direction of the arrows 
shows the change of the couplings with increasing cut- 
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to study the order of the phase transition. 

We investigated the model at infinite scalar cou- 
pling (Ising limit). In order to justify the existence of 
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~3 In ref. [ 10] we interpreted such a sudden change as a sign for 
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responds to a true thermodynamic singularity of the first order 
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cont inuum theory has two independent physical 
parameters. One of  them is the scalar (Higgs) mass, 
the other is the fermion mass or the renormalized 
Yukawa coupling, y, is non-zero, this fixed point is a 
non-trivial ultraviolet stable fixed point. To investi- 
gate this possibility dynamical fermion calculation is 
necessary. 

We studied an U ( I  ) invariant scalar-fermion 
model with dynamical fermions. In this paper we 
concentrate on the phase diagram of  the model. We 
find a rich phase structure with ferromagnetic, anti- 
ferromagnetic, two different symmetric and a ferri- 
magnetic (both ferromagnetic and antiferromagnet- 
ically ordered) phases. 

In section 2 we define the model and study its 
properties by analytical methods. Section 3 contains 
the numerical results for the phase diagram, while 
section 4 is a short discussion on the possible contin- 
uum limits of  the model. Section 5 concludes the 
paper. 

with one massive and one massless (Goldstone) ex- 
citation. In the following we will refer to this phase as 
ferromagnetic (FM).  The S and FM phases are sep- 
arated by a second order phase transition at 
~c + ~ 0.15. Scalar models with Z2 [ 7 ] and O (4) [ 8 ] 
symmetries have been the subject of  many extensive 
investigations lately. It is well established that these 
models are free in the infinite cut-offlimit,  their crit- 
ical behavior is governed by a gaussian fixed point. 
For negative ~c, at K/- = - X c  + there is a second order 
phase transition separating symmetric and antifer- 
romagnetically ordered (AM) phases. 

At y = ~  the fermionic determinant can be evalu- 
ated. When the scalar field has unit length, its contri- 
bution to the action is zero and we end up again with 
the U ( 1 ) invariant scalar model with 2 critical points 
at ~c + and x2.  The next order correction in 1/y2 can 
be easily calculated and gives the effective action 

( ' )  & . . . . . .  ~:+ ~ y. ~o*~(~on+,+~o,_~). (2)  
• n . l z  

2. Analytical considerations 

2.1. The model 

This action predicts the two phase transition lines 
starting from K~ + and ~c~ at .v=oc to extend into fi- 
nite 3, along the lines ~c+ 1/y2 = x+ / - (fig. 1 ). 

The model we study is an U ( 1 ) scalar model cou- 
pled to two sets of  naive fermions 

7u ( S=Ssc+ Y~ Y ~ 5 -  ~'J+"-~'~-" 
n . ~  o e =  1 , 2  

+ y  ~ #~ exp(iTs0,) q/~ 
n 

+) ,~ ,  ~TZexp(_iys0,) ~ 2 ) ,  

Ssc = -~c ~ (o*(~o,+, +~o,_,,) , (1)  

where ~n=exp(i0~) is a unit length complex field. 
Part of  the phase structure of  this action was studied 
in ref. [31. 

2.2. Symmetr ies  and limits 

At y = 0  the action is a 2-component non-linear 
scalar a model. For small ~c the system is in a sym- 
metric (S) phase. For large x it has a broken phase 

2.3. Mean.f ield approximation at small  y, ~c= O. 0 

At small y we expand the functional integral in y, 

0.2 

o.o . . . .  J . . . .  ~'M - I ' '  ' ~  

0.4 

- - 0 . 8  . . . .  V I 1~[ I / [ I I 

o 1 2 
y 

Fig. I. The approximate phase diagram of the model. 
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266 I-H. Lee et aL / Lattice formulations of a Yukawa model 

It is clearly important to determine the effects of fermions on the lattice 
properties and continuum limit of scalar [4-9] and gauge-Higgs [10,11] theories. 
Because of the challenging nature of studies of the continuum limit, it is logical to 
address the latter question in the simplest theory, viz. a Yukawa model with a real 
scalar field, without any gauge fields. Several issues are: (i) What is the phase 
structure of this lattice theory? (ii) What is the behavior in the continuum limit? In 
particular, do the renormalized quartic scalar coupling XR and the renormalized 
Yukawa coupling YR both vanish in this limit? (iii) Which aspects of lattice models 
are universal and which are dependent upon specific lattice actions and hence are 
not relevant to the continuum limit? Since the t quark is known to have a mass 
which is not small compared with m z or m w, its renormalized Yukawa coupling is 
of order unity; this constitutes another important motivation for nonperturbative 
studies of Yukawa theories and, in particular, Yukawa-generated fermion masses. 
Recently, we have determined the phase structure and measured the physical 
renormalized masses and couplings for a Yukawa model with a real scalar field 
interacting with staggered fermions [4, 5, 7, 8]. Part of this work [4, 5, 7] first used a 
parametrization for the scalar sector which was closely related to the continuum 
form; measurements were made mainly for a hypercubic, but also for a local 
Yukawa interaction. We also carried out a study using a different parametrization 
for the scalars which allowed us to probe arbitrarily large bare quartic and Yukawa 
couplings [8]. In this paper we present new results to address the issues listed above, 
in particular, question (iii). 

2. The model 

To address the question of universality, we shall study the lattice Yukawa model 
defined by 

Z= f rI  deo. dx. , /d2. , /e  -s, (2.1a) 
n, 

where S = S B + S F + S v, with 

SB= Z q ~ - -  2x Z q~,~,+e, + ) r E  (q~, 2 -  1) z, (2.1b) 
/I n , ~  17 

S F = I  Z X n , f ~ n , t t ( X n + e ~ , , f - X n - e , , f )  -t- Em:2.,/x.,:, ( 2 . 1 c )  
n.t~./ n.f 

= 1 for ~t = 1 and ( -  1) "~+ " +",-~ for 2 ~< g ~< d and X >/0 (which will be where ~n, t, 
denoted "arbitrary X"). The Yukawa coupling will be taken to be either the local 
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(d)  form 

sv  = s~, ,= y, Z ep.~ 2 . , i x . , i  , 
,, f 

(2.1d) 

or the hypercubic (hc) form 

Sv = S v ,  hc = 2-aYh~Y'~q~. Z X.',IX.',I, ( 2 . 1 e )  
n n ' ~ h c ( n ) ;  f 

where hc(n) denotes the hypercube adjacent to the site n on the lattice. (We use a 
d - - 4  hypercubic lattice, but give appropriate results for general d.) In order to 
guarantee a non-negative fermion determinant, we use two species, f =  1,2, of 
staggered fermions (yielding eight species of Dirac fermions in the continuum limit). 
The bare fermion masses mf are taken to be zero unless otherwise indicated. Since 
in the staggered fermion formalism, one constructs the continuum fermion species 
out of linear combinations of one-component Grassmann variables on the sites of a 
given hypercube, the continuum Yukawa coupling q~7~b is most directly represented 
on the lattice as SV, h~. This form of the interaction also gave the most stable 
numerical results in (dynamical-fermion) simulations with both parametrizations for 
S B [4, 5, 7, 8]. As one approaches a physically reasonable:continuum limit, where the 
correlation length (measured, e.g. by ~B = (am B)-1) diverges, the ~, fields must vary 
more and more slowly on the scale of the lattice spacing a in order for the 4~ field to 
be continuous. Hence, one expects that Sv, hc and Sv, e both yield the same 
continuum physics. The action (2.1) gives the correc~ continuum (cn) euclidean 
Yukawa action as a --+ 0, with the identification of bare parameters 

d&n = (2K) 1/2a- 10, m en2 - a -2  [ ( 1 -  - 22~)/K - 2 d ] ,  (2.2a, b) 

),cn = r-2)~, yen=(2x)-l/2ys, s = h c o r  d, (2.2c, d) 

where men, Xcn, and Yen denote the bare continuum scalar mass, quartic scalar 
self-coupling, and Yukawa coupling, respectively. For arbitrary Ye and Yhc (with 
mf = 0), (2.1) is invariant under the discrete Z(2) symmetry 

q~. + - f t . ,  (2.3a) 

where 

Xn ~ i ( - ' x z ( " )  • ) x . ,  ~ . - - ,  i( - 1) ~ " ) 2 . ,  (2.3b,c)  

d 

~?(n) = Y'. % .  (2.3d) 
t t = l  

hyper cubic
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continuum physics. The action (2.1) gives the correc~ continuum (cn) euclidean 
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hyper cubic

A simpler model showed that the 
existence of the PMS phase was model dependent! 
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It is clearly important to determine the effects of fermions on the lattice 
properties and continuum limit of scalar [4-9] and gauge-Higgs [10,11] theories. 
Because of the challenging nature of studies of the continuum limit, it is logical to 
address the latter question in the simplest theory, viz. a Yukawa model with a real 
scalar field, without any gauge fields. Several issues are: (i) What is the phase 
structure of this lattice theory? (ii) What is the behavior in the continuum limit? In 
particular, do the renormalized quartic scalar coupling XR and the renormalized 
Yukawa coupling YR both vanish in this limit? (iii) Which aspects of lattice models 
are universal and which are dependent upon specific lattice actions and hence are 
not relevant to the continuum limit? Since the t quark is known to have a mass 
which is not small compared with m z or m w, its renormalized Yukawa coupling is 
of order unity; this constitutes another important motivation for nonperturbative 
studies of Yukawa theories and, in particular, Yukawa-generated fermion masses. 
Recently, we have determined the phase structure and measured the physical 
renormalized masses and couplings for a Yukawa model with a real scalar field 
interacting with staggered fermions [4, 5, 7, 8]. Part of this work [4, 5, 7] first used a 
parametrization for the scalar sector which was closely related to the continuum 
form; measurements were made mainly for a hypercubic, but also for a local 
Yukawa interaction. We also carried out a study using a different parametrization 
for the scalars which allowed us to probe arbitrarily large bare quartic and Yukawa 
couplings [8]. In this paper we present new results to address the issues listed above, 
in particular, question (iii). 

2. The model 

To address the question of universality, we shall study the lattice Yukawa model 
defined by 

Z= f rI  deo. dx. , /d2. , /e  -s, (2.1a) 
n, 

where S = S B + S F + S v, with 

SB= Z q ~ - -  2x Z q~,~,+e, + ) r E  (q~, 2 -  1) z, (2.1b) 
/I n , ~  17 

S F = I  Z X n , f ~ n , t t ( X n + e ~ , , f - X n - e , , f )  -t- Em:2.,/x.,:, ( 2 . 1 c )  
n.t~./ n.f 

= 1 for ~t = 1 and ( -  1) "~+ " +",-~ for 2 ~< g ~< d and X >/0 (which will be where ~n, t, 
denoted "arbitrary X"). The Yukawa coupling will be taken to be either the local 
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(d)  form 

sv  = s~, ,= y, Z ep.~ 2 . , i x . , i  , 
,, f 

(2.1d) 

or the hypercubic (hc) form 

Sv = S v ,  hc = 2-aYh~Y'~q~. Z X.',IX.',I, ( 2 . 1 e )  
n n ' ~ h c ( n ) ;  f 

where hc(n) denotes the hypercube adjacent to the site n on the lattice. (We use a 
d - - 4  hypercubic lattice, but give appropriate results for general d.) In order to 
guarantee a non-negative fermion determinant, we use two species, f =  1,2, of 
staggered fermions (yielding eight species of Dirac fermions in the continuum limit). 
The bare fermion masses mf are taken to be zero unless otherwise indicated. Since 
in the staggered fermion formalism, one constructs the continuum fermion species 
out of linear combinations of one-component Grassmann variables on the sites of a 
given hypercube, the continuum Yukawa coupling q~7~b is most directly represented 
on the lattice as SV, h~. This form of the interaction also gave the most stable 
numerical results in (dynamical-fermion) simulations with both parametrizations for 
S B [4, 5, 7, 8]. As one approaches a physically reasonable:continuum limit, where the 
correlation length (measured, e.g. by ~B = (am B)-1) diverges, the ~, fields must vary 
more and more slowly on the scale of the lattice spacing a in order for the 4~ field to 
be continuous. Hence, one expects that Sv, hc and Sv, e both yield the same 
continuum physics. The action (2.1) gives the correc~ continuum (cn) euclidean 
Yukawa action as a --+ 0, with the identification of bare parameters 

d&n = (2K) 1/2a- 10, m en2 - a -2  [ ( 1 -  - 22~)/K - 2 d ] ,  (2.2a, b) 

),cn = r-2)~, yen=(2x)-l/2ys, s = h c o r  d, (2.2c, d) 

where men, Xcn, and Yen denote the bare continuum scalar mass, quartic scalar 
self-coupling, and Yukawa coupling, respectively. For arbitrary Ye and Yhc (with 
mf = 0), (2.1) is invariant under the discrete Z(2) symmetry 

q~. + - f t . ,  (2.3a) 

where 

Xn ~ i ( - ' x z ( " )  • ) x . ,  ~ . - - ,  i( - 1) ~ " ) 2 . ,  (2.3b,c)  

d 

~?(n) = Y'. % .  (2.3d) 
t t = l  

local
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κ=0 is a four-fermion model
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where D.(z) is the parabolic cylinder function and 

R,, = J / J o .  

Using a mean  field approximat ion  as before [8, 11], we calculate 

(Y(/X/} = BI( B), f= 1,2 

(3.1d)  

(3.2a)  

* See footnote on previous page. 
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We present the phase structure of the chiral SU(2)L ® SU(2)R scalar-fermion model on the
lattice with on-site Yukawa coupling y and Wilson—Yukawa coupling w for positive y and w.
The hopping parameter K of the four-component scalar field of fixed length is both positive and
negative. From the different behaviour of several observables ferromagnetic, paramagnetic and
antiferromagnetic phases can be distinguished. They split into different regions or phases with
small and large y + 4w. A similar structure is also found in the quenched approximation. In
addition, in the unquenched case a ferrimagnetic phase is found at negative K around y + 4w
~ We discuss fermion masses in various regions and point out the possibilities of decoupling

the unwanted fermion doublers in the continuum limit in analogy to thc Wilson mechanism.

1. Introduction

Recent years have witnessed a lot of interest in the nonperturbative understand-
ing of the symmetry breaking sector of the standard model of electroweak
interactions. Many of these studies concentrated on the pure scalar sector regular-
ized on a lattice, neglecting gauge and fermion fields (for references see the recent
reviews [1,21). Whereas it is presumably sufficient to treat the gauge fields only
perturbatively, the inclusion of fermions into the nonperturbative investigation is
important because of the possibility that some heavy fermions exist with strong
Yukawa interactions. Keeping the perturbative triviality of the Yukawa coupling in
mind, it is of phenomenological importance to investigate a possible upper limit on
the fermion mass generated through this coupling and to improve the already
existing upper limit on the Higgs mass, now with fermionic feedback included.
Alternatively, any indication that strong Yukawa coupling might lead to a nontriv-

* Supported by the Deutsches Bundesministerium für Forschung und Technologie, by the Deutsche
Forschungsgemeinschaft and by the Stichting voor Fundamenteel Onderzoek der Materie (FOM).
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Fig. 1. Phase diagram for w = 0 in the unquenched case. A and B are probably two quadruple points
where four phases meet. The approximate position of the crossover in the FM phase is indicated by the

dotted line.

AM(W): Antiferromagnetic phase (weak Yukawa coupling region)
AM(S): Antiferromagnetic phase (strong Yukawa coupling region)
Fl: Ferrimagnetic phase.
We cannot completely rule out the possibility that the AM(W) and AM(S)

regions are separated for arbitrarily large negative K by the funnel containing the
Fl phase. This phase is less and less distinguishable as K decreases and we could
not locate its end. Thus we cannot exclude that it continues until K = —

For w = 0 the various phase transition lines meet, within our precision of their
localization, in two quadruple points (points A and B in fig. 1). In the three-dimen-
sional phase diagram these points become lines which we call lines A, B.
Fig. 2 shows the phase diagram for the same model at w = 0 in the quenched

approximation. The dotted and the dashed lines denote a crossover, across which
the behaviour of various observables with the fermionic fields changes significantly.
For finite w its position shifts to y — 4w. For weak and strong Yukawa
couplings y + 4w the unquenched phase diagram is very similar to the quenched
one. The diagrams differ significantly in the region y + 4w ~ When fermion
loops are included the dashed part of the crossover in the quenched case develops,
approximately at the same position, into the funnel filled with the Fl phase. We
expect that the width of the funnel grows with the number of dynamical fermion
species. With the exception of the FT phase all the phases and regions of the phase
diagram with dynamical fermions have analogues in the quenched case.
The outline of the paper is as follows: The model, its symmetries, its fermion

content and the most important observables are described in sect. 2. In sect. 3 we
summarize the presently available analytic information on the phase structure and
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The phase diagram at zero temperature of a lattice SU!2" scalar-fermion model in 2!1 dimensions is studied
numerically and with mean-field methods. Special attention is devoted to the strong coupling regime. We have
developed a new method to adapt the hybrid Monte Carlo algorithm to the O!3" non-linear # model constraint.
The charged excitations in the various phases are studied at the mean-field level. Bound states of two charged
fermions are found in a strongly coupled paramagnetic phase. On the other hand, in the strongly coupled
antiferromagnetic phase fermionic excitations around momenta ("$/2,"$/2,"$/2) emerge.

PACS number!s": 11.15.Ha, 02.70.Lq, 11.15.Ex, 11.30.Rd

I. INTRODUCTION
The model we are going to study was proposed in Refs.

%1& and %2& as a natural extension of the lattice O!3" non-
linear # model in 2!1 dimensions to include charge carriers.
It is a lattice model of interacting spins and Dirac fermions in
2!1 dimensions, with only two free parameters in addition
to the temperature: a nearest-neighbor spin coupling and a
spin-fermion coupling. The model describes quantitatively
some of the features of the doped copper oxide compounds
%1,2&.
In the present article we want to present a careful, detailed

discussion of the model, its symmetries, and its properties,
and give full technical details and results of the mean-field
!MF" and Monte Carlo !MC" calculations, some of which
were reported in Ref. %1&. In this paper, our mean-field and
numerical studies will be limited to the zero-temperature
case, corresponding to infinite Euclidean time direction.
The remainder is laid out as follows. In Sec. II we present

our model, discuss the choice of lattice fermions, comment
on the symmetries of the model, give its phase diagram and
prove the reality of the fermion determinant, even in the
presence of a chemical potential. In Sec. III we examine the
phase diagram of the model in the MF approximation. Our
MF calculations are based on small- and large-y expansions
combined with saddle point methods. The method allows us
to handle !products of" fermionic variables occurring in the
expansion of the fermion determinant in a well defined way.
In Sec. IV we use MC simulations to complete the study of
the phase diagram. For this purpose we have developed a
new method that exactly solves the technical problem related
to the length-1 constraint on the spin variables %3&. Section V
is devoted to a study of the relevant excitations in the differ-
ent phases of the system, at the MF level. A crucial result is
the dynamical generation of spin singlet bosonic bound
states of charged fermions in the so-called paramagnetic

strong !PMS" phase. At the MF level we have not found
evidence for fermionic excitations at zero temperature in this
PMS phase. Another interesting result is the emergence of
fermionic excitations around momenta ("$/2,"$/2,
"$/2) in the strongly coupled antiferromagnetic !AFM"
phase %4&. Finally, Sec. VI is devoted to our conclusions and
projects.

II. THE MODEL: FORMULATION, SYMMETRIES, PHASE
DIAGRAM

The model is defined by the following !2!1"-dimensional
lattice Euclidean !imaginary time" path integral,
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We use this expression as our starting point, but it should be
noted that the model depends only on the ratio y#,/* ,
through a change in the normalization of the fermion field. In
terms of the effective spin-fermion coupling y, we get
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Here x runs over a !2!1"-dimensional cubic Euclidean
space-time lattice. Each 'x is a fermionic four-spinor as a
shorthand for two flavors of two-component Dirac spinors.
Both flavors are taken in the same irreducible spinor repre-
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may expect totally different behavior in each of the two para-
magnetic phases. This is indeed the case, as we shall see
later.
As there is no evidence for a phase transition between the

strong- and weak-coupling regions of the FM and AFM
phases, we name them FM!W" and FM!S", AFM!W" and
AFM!S" !note the parentheses". There may be crossovers
between these regions, though.
Between the points A and B, we find a phase where both

the magnetization and the staggered magnetization are dif-
ferent from zero. We name this phase ferrimagnetic !FI". An
appealing possibility is that it corresponds to a helicoidal
phase. We expect the FI phase to disappear for large enough
!k , but we have not explored this numerically.

III. MEAN FIELD CALCULATIONS OF THE PHASE
DIAGRAM

Our aim in this section is to determine the zero-
temperature phase diagram of the model in the y-k plane !cf.
Fig. 1", using mean-field techniques. These calculations al-
ready provide a lot of insight, especially for the strong cou-
pling region. They will be contrasted with numerical simu-
lations for the phase diagram in Sec. IV, and they will be
extended to a study of the relevant charged !quasi-particle"
excitations in Sec. V.
Our mean-field calculations are based on small- and large-

y expansions combined with the saddle point methods de-
scribed in Ref. #10$. This approach guarantees a systematic
expansion in 1/d , which is particularly important for opera-
tors which are zero to lowest-order. Our particular method
furthermore allows us to handle !products of" fermionic vari-
ables occurring in the expansion of the fermion determinant
in a well defined way. These techniques have been devel-
oped and applied in the context of similar lattice models
#11,12$ of the electroweak sector of the standard model of
elementary particle interactions, and in the study of the anti-
ferromagnetic %4 model #13$.

We shall first concentrate on the small-y region, and in-
corporate the fermion determinant up to O(y2).
In order to apply the saddle-point method, the integration

over the fields must be unrestricted. We therefore need to
replace the integration over the spin vectors !, constrained
by the condition !!!"1, with an integration over uncon-
strained variables ". This is done by multiplying the func-
tional integrand in Eq. !1" by
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and replacing a conveniently chosen subset of the ! vari-
ables in the action S with " fields. We obtain
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x
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Note that both the " fields and the auxiliary fields A are
unconstrained.
Now we have to integrate out the constrained variables %n

a

!as well as the fermions", before the mean fields can be in-
troduced. Let us concentrate on a single !n integration in Eq.
!16", dropping the subscripts n for simplicity. First, we per-
form an expansion in powers of y. We can write

" d!

4+
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1
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where we have defined
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and we have introduced the notation

1O2 iA"" d!

4+
O exp# iA•!$' " d!

4+
exp# iA•!$ .

In addition, we introduce a Hubbard-Stratonovich vector pa-
rameter # to deal with the quartic fermion term in Eq. !17",

FIG. 1. Phase diagram of the action !3", for two fermion fami-
lies. Dashed lines are from the MF calculation, solid lines from a
MC calculation on an 83 lattice.
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discussion of the model, its symmetries, and its properties,
and give full technical details and results of the mean-field
!MF" and Monte Carlo !MC" calculations, some of which
were reported in Ref. %1&. In this paper, our mean-field and
numerical studies will be limited to the zero-temperature
case, corresponding to infinite Euclidean time direction.
The remainder is laid out as follows. In Sec. II we present

our model, discuss the choice of lattice fermions, comment
on the symmetries of the model, give its phase diagram and
prove the reality of the fermion determinant, even in the
presence of a chemical potential. In Sec. III we examine the
phase diagram of the model in the MF approximation. Our
MF calculations are based on small- and large-y expansions
combined with saddle point methods. The method allows us
to handle !products of" fermionic variables occurring in the
expansion of the fermion determinant in a well defined way.
In Sec. IV we use MC simulations to complete the study of
the phase diagram. For this purpose we have developed a
new method that exactly solves the technical problem related
to the length-1 constraint on the spin variables %3&. Section V
is devoted to a study of the relevant excitations in the differ-
ent phases of the system, at the MF level. A crucial result is
the dynamical generation of spin singlet bosonic bound
states of charged fermions in the so-called paramagnetic

strong !PMS" phase. At the MF level we have not found
evidence for fermionic excitations at zero temperature in this
PMS phase. Another interesting result is the emergence of
fermionic excitations around momenta ("$/2,"$/2,
"$/2) in the strongly coupled antiferromagnetic !AFM"
phase %4&. Finally, Sec. VI is devoted to our conclusions and
projects.

II. THE MODEL: FORMULATION, SYMMETRIES, PHASE
DIAGRAM

The model is defined by the following !2!1"-dimensional
lattice Euclidean !imaginary time" path integral,
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space-time lattice. Each 'x is a fermionic four-spinor as a
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may expect totally different behavior in each of the two para-
magnetic phases. This is indeed the case, as we shall see
later.
As there is no evidence for a phase transition between the

strong- and weak-coupling regions of the FM and AFM
phases, we name them FM!W" and FM!S", AFM!W" and
AFM!S" !note the parentheses". There may be crossovers
between these regions, though.
Between the points A and B, we find a phase where both

the magnetization and the staggered magnetization are dif-
ferent from zero. We name this phase ferrimagnetic !FI". An
appealing possibility is that it corresponds to a helicoidal
phase. We expect the FI phase to disappear for large enough
!k , but we have not explored this numerically.

III. MEAN FIELD CALCULATIONS OF THE PHASE
DIAGRAM

Our aim in this section is to determine the zero-
temperature phase diagram of the model in the y-k plane !cf.
Fig. 1", using mean-field techniques. These calculations al-
ready provide a lot of insight, especially for the strong cou-
pling region. They will be contrasted with numerical simu-
lations for the phase diagram in Sec. IV, and they will be
extended to a study of the relevant charged !quasi-particle"
excitations in Sec. V.
Our mean-field calculations are based on small- and large-

y expansions combined with the saddle point methods de-
scribed in Ref. #10$. This approach guarantees a systematic
expansion in 1/d , which is particularly important for opera-
tors which are zero to lowest-order. Our particular method
furthermore allows us to handle !products of" fermionic vari-
ables occurring in the expansion of the fermion determinant
in a well defined way. These techniques have been devel-
oped and applied in the context of similar lattice models
#11,12$ of the electroweak sector of the standard model of
elementary particle interactions, and in the study of the anti-
ferromagnetic %4 model #13$.

We shall first concentrate on the small-y region, and in-
corporate the fermion determinant up to O(y2).
In order to apply the saddle-point method, the integration

over the fields must be unrestricted. We therefore need to
replace the integration over the spin vectors !, constrained
by the condition !!!"1, with an integration over uncon-
strained variables ". This is done by multiplying the func-
tional integrand in Eq. !1" by
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Note that both the " fields and the auxiliary fields A are
unconstrained.
Now we have to integrate out the constrained variables %n
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!as well as the fermions", before the mean fields can be in-
troduced. Let us concentrate on a single !n integration in Eq.
!16", dropping the subscripts n for simplicity. First, we per-
form an expansion in powers of y. We can write
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In addition, we introduce a Hubbard-Stratonovich vector pa-
rameter # to deal with the quartic fermion term in Eq. !17",

FIG. 1. Phase diagram of the action !3", for two fermion fami-
lies. Dashed lines are from the MF calculation, solid lines from a
MC calculation on an 83 lattice.
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The model proposed by Eichten and Preskill for obtaining theories with chiral fermions from
the lattice is shown to undergo spontaneous symmetry breaking. In addition, the fermions
appear to be Dirac-like everywhere in the phase diagram with no room for undoubled Weyl
fermions. The phase diagram of a closely related Higgs—Yukawa model is similar to that of the
Smit—Swift model, which also does not give rise to chiral fermions. These results cast serious
doubts on the original scenario for the emergence of chiral fermions.

1. Introduction

One of the early proposals for obtaining a theory with chiral fermions from the
lattice was made in an elegant paper by Eichten and Preskill [1] several years ago.
The philosophy behind the proposal is to start with a gauge theory containing only
left-handed chiral fermion fields, and to add gauge invariant “generalized Wilson”
terms to the lagrangian which vanish in the classical continuum limit and are
explicitly constructed to break all symmetries of the model that are broken through
anomalies in the target continuum theory. In addition, the new terms must be
carefully chosen so as to be irrelevant with regard to the particles one desires to
survive in the continuum theory, but they must be relevant with regard to the
fermion doublers, so as to give these unwanted species a mass of the order of the
cutoff. Once this is accomplished, one would expect the doublers to decouple in
the continuum theory. This philosophy is reflected in the situation of QCD with
Wilson fermions where the Wilson mass term explicitly breaks chiral symmetry and
accomplishes the desired task of removing the doublers from the spectrum, giving
rise to the standard theory of QCD in the scaling region. The usual axial anomalies
are recovered in the continuum limit through the effects of the Wilson term [2].
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in which

~sin q/2 sin(q/l P/2) ±~y(q)~y(q—p)

H~(p) =32f[~(C(q) +C(p-q))]~ /2 D~(q)D~(qp)

(5.39)

and

D~(q)= ~sin2q/2+~(q). (5.40)

Finally the effective Yukawa coupling corresponding to eq. (5.25) is

~y(q) +~y(p+q)
yy~p,q) = 2L’ (5.41)

Our last task is to map the two models into one another by finding relations
between the couplings. Indeed this can be done, and a comparison of all quantities
derived above results in the following matching conditions:

F F p
= T, K=g=O. (5.42),(5.43)wfy

With these conditions, all quantities derived above are identical for the two models
in the scaling region. Of course, eq. (5.43) reveals only that no corresponding
parameters to K and g were included in the lagrangian of the Eichten—Preskill
model. If such terms would be included, matching conditions would be obtained
for them also. Thus we conclude that the two models give exactly the same physics
in the weak-coupling large-N limit, where we see explicitly the presence of both a
symmetric and a broken phase.
Aside from the details of the model and the field content, our calculation is very

similar to that performed in ref. [21] in relating the top quark condensate model
and the standard model, with similar results.

6. Conclusion

When Eichten and Preskill originally presented their model, a clear element of
the scenario they envisaged for it to successfully produce a continuum theory of
(asymptotically free) chiral fermions entailed the existence of a phase transition for
which the fermion mass was an order parameter, and over which no symmetry
breaking occurred. It was hoped that one could arrange through generalized
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Wilson terms to give the doublers a mass, and leave the lightest fermion massless.
We have analyzed the model in several regions of the phase diagram, and all
indications are that no such phase transition exists. Indeed, we do find phases with
massive and massless fermions, but always a broken phase appears in between. In
the symmetric phase with massive fermions (a paramagnetic phase in strong
Yukawa coupling, or PMS phase), bound states are formed which pair up with the
original chiral fields to form Dirac representations, all of which are massive
(although one massless Dirac fermion can be arranged by tuning). The fermions
remain massive across the symmetry breaking phase boundary to the broken phase
(ferromagnetic or FM phase), and finally across the phase boundary to the second
symmetric phase (paramagnetic phase at weak Yukawa coupling, or PMW phase),
all fermions become massless, including the doublers. The crucial ingredient for
the failure of the emergence of a chiral theory of fermions as originally imagined is
the existence of the broken phase separating the two symmetric phases. Through
this broken phase the fermion masses smoothly interpolate from being massive to
vanishing, becoming proportional to the order parameter of symmetry breaking as
the second phase boundary is approached.
Of course in order to conclude that the fermions are truly non-chiral, one

should also check that the right-handed partners to the left-handed fields which
are formed as bound states in the PMS phase couple with equal strength to the
gauge fields when gauge interactions are turned on. The fact that both have the
same charge with respect to the chiral group would lead one to expect that this is
the case, and indeed we have checked this to be true explicitly in the presence of
background gauge fields, in a calculation similar to that presented for the modified
Smit—Swift model in ref. [11].
Through making contact with a Yukawa version of the original Eichten—Preskill

model, we see that this whole picture is rather reminiscent of what happens in the
Smit-Swift model. Despite the essential difference in the symmetry structure of the
two models, the phase diagram appears remarkably similar. This presumably
indicates that the main aspect responsible for the determination of the phase
diagram is the method by which the fermions obtain masses which is similar in
both cases, rather than the symmetry involved, or anything to do with anomalies.
The remainder of this section contains a more specific overview of the calculations
we have performed, and their implications for various regions of the phase
diagram.
Our calculations are primarily within the framework of 1/N expansions for a

model in which we have included N copies of the original fermions. We have
studied both the original Eichten—Preskill model, and a model with an explicit
scalar field coupled to the fermions through Yukawa couplings, and have argued
through both universality and through direct calculation in the large-N limit that
the two produce the same physics in the respective scaling regions. The first of
these contains two parameters, the four-fermion coupling A and a four-fermion
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Yukawa coupling, or PMS phase), bound states are formed which pair up with the
original chiral fields to form Dirac representations, all of which are massive
(although one massless Dirac fermion can be arranged by tuning). The fermions
remain massive across the symmetry breaking phase boundary to the broken phase
(ferromagnetic or FM phase), and finally across the phase boundary to the second
symmetric phase (paramagnetic phase at weak Yukawa coupling, or PMW phase),
all fermions become massless, including the doublers. The crucial ingredient for
the failure of the emergence of a chiral theory of fermions as originally imagined is
the existence of the broken phase separating the two symmetric phases. Through
this broken phase the fermion masses smoothly interpolate from being massive to
vanishing, becoming proportional to the order parameter of symmetry breaking as
the second phase boundary is approached.
Of course in order to conclude that the fermions are truly non-chiral, one

should also check that the right-handed partners to the left-handed fields which
are formed as bound states in the PMS phase couple with equal strength to the
gauge fields when gauge interactions are turned on. The fact that both have the
same charge with respect to the chiral group would lead one to expect that this is
the case, and indeed we have checked this to be true explicitly in the presence of
background gauge fields, in a calculation similar to that presented for the modified
Smit—Swift model in ref. [11].
Through making contact with a Yukawa version of the original Eichten—Preskill

model, we see that this whole picture is rather reminiscent of what happens in the
Smit-Swift model. Despite the essential difference in the symmetry structure of the
two models, the phase diagram appears remarkably similar. This presumably
indicates that the main aspect responsible for the determination of the phase
diagram is the method by which the fermions obtain masses which is similar in
both cases, rather than the symmetry involved, or anything to do with anomalies.
The remainder of this section contains a more specific overview of the calculations
we have performed, and their implications for various regions of the phase
diagram.
Our calculations are primarily within the framework of 1/N expansions for a

model in which we have included N copies of the original fermions. We have
studied both the original Eichten—Preskill model, and a model with an explicit
scalar field coupled to the fermions through Yukawa couplings, and have argued
through both universality and through direct calculation in the large-N limit that
the two produce the same physics in the respective scaling regions. The first of
these contains two parameters, the four-fermion coupling A and a four-fermion
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FIG. 2: An example of a monomer configuration [n] showing free
fermion bags on a two dimensional lattice. The filled circles repre-
sent monomers and the connected regions without monomers form
free fermion bags.

viewpoint are uniquely defined for every monomer configura-
tion. An interesting feature of the strong coupling viewpoint
is that at sufficiently strong couplings there are many distinct
fermion bags, which we label as B = 1, 2..., and fermions
from one bag cannot hop to a different bag. In contrast in the
weak coupling viewpoint there is a single fermion bag con-
taining all monomer sites. Based on these two viewpoints we
can write the partition function in two different but equivalent
ways:

Z =
∑

[n]

UNm

∏

B

(

Det(WB)
)2

(21a)

Z =
(

Det(M)
)

∑

[n]

UNm

(

Det(G)
)2

, (21b)

where Nm represents the number of monomers in the config-
uration,M is the free staggered fermion matrix defined in (2),
WB represents the free staggered fermion matrix connecting
the sites within the bag B, and G represents a Nm ×Nm free
staggered propagator matrix connecting monomer sites. The
elements of G are given by

Gx,y =
−i

L3

∑

k

eik·(x−y)

∑

α′ ηx,α′ sin kα′

∑

α sin
2 kα

(22)

where k ≡ (k1, k2, k3) where kα = (2n + 1)π/L, n =
0, 1.., L − 1 due to anti-periodic boundary conditions. At
weak couplings there are very few monomers and the weak
coupling viewpoint becomes more useful for calculations and
the Boltzmann weight of each monomer configuration is noth-
ing but the sum over all Feynman diagrams. Thus, the weak
coupling viewpoint is exactly identical to the well known
diagrammatic determinantal Monte Carlo methods [46–49].

On the other hand at strong couplings, when the number of
monomers becomes comparable to the volume, the strong
coupling view point becomes useful for calculations since free
fermion bags become small. As we discuss below, it is also
easy to understand some of the strong coupling results of the
previous section intuitively.
Expressions for observables can also be derived easily in

the fermion bag approach. For example, in the strong coupling
viewpoint the two point fermion correlation function is given
by

⟨ψx,i ψy,i⟩ =
1

Z

∑

[n]

UNm

∏

B

(

Det(WB)
)2

W−1
B;x,y,

(23)
where W−1

B;x,y is the inverse of the Dirac operator within the
free fermion bag B that contains the sites x and y. It is under-
stood that when either of the sites x or y contains a monomer,
that configuration does not contribute to the correlation func-
tion. Further, since fermions cannot hop from one fermion bag
to another, x and y are also forced to be within the same bag.
With this insight it is easy to see why fermion correlations
decay exponentially at strong couplings. Since the lattice is
filled with monomers, large fermion bags are suppressed ex-
ponentially and fermions are confined within small regions.
The argument that shows that even bosonic correlations de-

cay exponentially is more subtle. In principle, it is possible
to have a single insertion of ψi,xψi,x within special fermion
bags that allow a zero mode in the matrixWB. Clearly, such
bags do not contribute to the partition function since without
the insertion of ψi,xψi,x the determinant Det(WB) vanishes.
However, with the insertion of ψi,xψi,x one row and one col-
umn are removed from the matrix and then the determinant no
longer vanishes. This is very similar to the argument of how
instantons can contribute to the chiral condensate in single fla-
vor QCD. However, since there are two flavors in our model
and ψi,xψi,x only involves the flavor i, the determinant of the
other flavor still vanishes due to the zero mode in WB of the
second flavor. Thus, single insertion of a fermion bilinear is
forbidden in our model. For this reason bosonic correlation
functions also get contribution only when both x and y are
within the same bag. For example the expression for one of
the correlation functions is given by

⟨ψxψx,i ψy,iψy,i⟩ =
1

Z

∑

[n]

UNm

∏

B

(

Det(WB)
)2

×
(

W−1
B;x,y

)2
. (24)

Since x and y are within the bag, it too decays exponentially at
sufficiently large coupling as we found in the previous section.

V. MONTE CARLO ALGORITHMS

We have constructed three different Monte Carlo algo-
rithms to update the monomer configurations [n]. The first is
a block algorithm that creates, destroys and moves monomers
within blocks. The second is a worm algorithm that creates

Illustration of configuration [n]

k refers to the number of monomers

V. Ayyar and SC, Phys.Rev. D91 (2015) 6, 065035
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FIG. 3: Plots of equilibration for the three observables ρm, χ1 and χ2, starting from a configuration with zero monomers at L = 20, U = 0.95.
The insets show the Monte Carlo time history for 900 sweeps using ALG2. The average of the data from the inset is shown as a solid line in
the main plots. The open squares are average data from 500 independent runs after a single sweep starting from an equilibrated configuration.
The plot demonstrates that instead of running a single computer for many sweeps, one can run many computers for a single sweep and average
the data.

D. Equilibration, Auto-correlation and Parallelization

We have used the block algorithm (or ALG1), the worm
algorithm (or ALG2) and the heat-bath sweep algorithm (or
ALG3) as a cross check against each other to make sure they
are free of errors. These tests along with comparisons with
some exact calculations are discussed in the appendix. In or-
der to study equilibration and autocorrelations we define the
concept of a sweep, as performing the required number of lo-
cal updates such that all lattice sites are stochastically flipped
at least once. For example in the block algorithm we pick
roughly L3/63 random blocks in a sweep. On the other hand
since the worm update involves choosing a site at random and
updating a few sites within its neighborhood, a sweep con-
sists of repeating the worm update at least a volume number
of times. Each heat bath update on the other hand is exactly
one sweep.
As in previous studies [45] we have observed that worm al-

gorithms based on the fermion bag approach usually produce
independent equilibrated configurations within a few sweeps
independent of the lattice size. This continues to be true even
in our work. We provide some evidence for this in Fig. 3
where we show the Monte Carlo time history of our three ob-
servables at L = 20 and U = 0.95 for 900 sweeps (in the
inset) and the first 20 sweeps are shown in the main graph.
The solid lines in the main graphs show the average obtained
from the whole data set. As one can see, the monomer number
reaches the average value in roughly about 5 sweeps and then
begins to fluctuate.
If we make the drastic assumption that once equilibration is

reached, a single sweep is sufficient to produce another inde-
pendent configuration, then using several hundred computing
cores each starting with an equilibrated configuration but dif-
ferent random number sequences, we should be able to gen-
erate an independent configuration after a single sweep from
each computer core. We can then average the data from all
the cores and propose it as the final average. We can of course
continue the runs of each of the cores for several sweeps if
necessary and monitor the fluctuations. In Fig. 3 the solid
squares represent such an average over 500 computer cores
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FIG. 4: The variation of the monomer density ρm (a four-point con-
densate) as a function of U at L = 8, 12 and 16. The inset shows the
change in ρm as a function of L at U = 1.0, 1.1 and 1.2 where the
variation is the maximum. By L = 16 we find that ρm has reached
its thermodynamic limit at all values of U .

for 20 sweeps. It is clear that after each sweep the data from
the 500 independent cores produces a number consistent with
the average over 900 sweeps on a single core. This feature
continues to hold at other lattice sizes and couplings, some of
which are shown in the appendix. Based on this result, in our
study we use several hundred cores in parallel and run for 5-10
sweeps, where each core starts from an equilibrated configu-
ration. The final answer is obtained as an average over such
short runs on hundreds of cores. While we are confident of
our errors, in order to be conservative we multiply them by a
factor of two uniformly across the board when we analyze our
data.

VI. ANALYSIS AND RESULTS

Based on weak and strong coupling analysis we have al-
ready argued in section III that the model contains at least two
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D. Equilibration, Auto-correlation and Parallelization

We have used the block algorithm (or ALG1), the worm
algorithm (or ALG2) and the heat-bath sweep algorithm (or
ALG3) as a cross check against each other to make sure they
are free of errors. These tests along with comparisons with
some exact calculations are discussed in the appendix. In or-
der to study equilibration and autocorrelations we define the
concept of a sweep, as performing the required number of lo-
cal updates such that all lattice sites are stochastically flipped
at least once. For example in the block algorithm we pick
roughly L3/63 random blocks in a sweep. On the other hand
since the worm update involves choosing a site at random and
updating a few sites within its neighborhood, a sweep con-
sists of repeating the worm update at least a volume number
of times. Each heat bath update on the other hand is exactly
one sweep.
As in previous studies [45] we have observed that worm al-

gorithms based on the fermion bag approach usually produce
independent equilibrated configurations within a few sweeps
independent of the lattice size. This continues to be true even
in our work. We provide some evidence for this in Fig. 3
where we show the Monte Carlo time history of our three ob-
servables at L = 20 and U = 0.95 for 900 sweeps (in the
inset) and the first 20 sweeps are shown in the main graph.
The solid lines in the main graphs show the average obtained
from the whole data set. As one can see, the monomer number
reaches the average value in roughly about 5 sweeps and then
begins to fluctuate.
If we make the drastic assumption that once equilibration is

reached, a single sweep is sufficient to produce another inde-
pendent configuration, then using several hundred computing
cores each starting with an equilibrated configuration but dif-
ferent random number sequences, we should be able to gen-
erate an independent configuration after a single sweep from
each computer core. We can then average the data from all
the cores and propose it as the final average. We can of course
continue the runs of each of the cores for several sweeps if
necessary and monitor the fluctuations. In Fig. 3 the solid
squares represent such an average over 500 computer cores
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FIG. 4: The variation of the monomer density ρm (a four-point con-
densate) as a function of U at L = 8, 12 and 16. The inset shows the
change in ρm as a function of L at U = 1.0, 1.1 and 1.2 where the
variation is the maximum. By L = 16 we find that ρm has reached
its thermodynamic limit at all values of U .

for 20 sweeps. It is clear that after each sweep the data from
the 500 independent cores produces a number consistent with
the average over 900 sweeps on a single core. This feature
continues to hold at other lattice sizes and couplings, some of
which are shown in the appendix. Based on this result, in our
study we use several hundred cores in parallel and run for 5-10
sweeps, where each core starts from an equilibrated configu-
ration. The final answer is obtained as an average over such
short runs on hundreds of cores. While we are confident of
our errors, in order to be conservative we multiply them by a
factor of two uniformly across the board when we analyze our
data.

VI. ANALYSIS AND RESULTS

Based on weak and strong coupling analysis we have al-
ready argued in section III that the model contains at least two
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D. Equilibration, Auto-correlation and Parallelization

We have used the block algorithm (or ALG1), the worm
algorithm (or ALG2) and the heat-bath sweep algorithm (or
ALG3) as a cross check against each other to make sure they
are free of errors. These tests along with comparisons with
some exact calculations are discussed in the appendix. In or-
der to study equilibration and autocorrelations we define the
concept of a sweep, as performing the required number of lo-
cal updates such that all lattice sites are stochastically flipped
at least once. For example in the block algorithm we pick
roughly L3/63 random blocks in a sweep. On the other hand
since the worm update involves choosing a site at random and
updating a few sites within its neighborhood, a sweep con-
sists of repeating the worm update at least a volume number
of times. Each heat bath update on the other hand is exactly
one sweep.
As in previous studies [45] we have observed that worm al-

gorithms based on the fermion bag approach usually produce
independent equilibrated configurations within a few sweeps
independent of the lattice size. This continues to be true even
in our work. We provide some evidence for this in Fig. 3
where we show the Monte Carlo time history of our three ob-
servables at L = 20 and U = 0.95 for 900 sweeps (in the
inset) and the first 20 sweeps are shown in the main graph.
The solid lines in the main graphs show the average obtained
from the whole data set. As one can see, the monomer number
reaches the average value in roughly about 5 sweeps and then
begins to fluctuate.
If we make the drastic assumption that once equilibration is

reached, a single sweep is sufficient to produce another inde-
pendent configuration, then using several hundred computing
cores each starting with an equilibrated configuration but dif-
ferent random number sequences, we should be able to gen-
erate an independent configuration after a single sweep from
each computer core. We can then average the data from all
the cores and propose it as the final average. We can of course
continue the runs of each of the cores for several sweeps if
necessary and monitor the fluctuations. In Fig. 3 the solid
squares represent such an average over 500 computer cores
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for 20 sweeps. It is clear that after each sweep the data from
the 500 independent cores produces a number consistent with
the average over 900 sweeps on a single core. This feature
continues to hold at other lattice sizes and couplings, some of
which are shown in the appendix. Based on this result, in our
study we use several hundred cores in parallel and run for 5-10
sweeps, where each core starts from an equilibrated configu-
ration. The final answer is obtained as an average over such
short runs on hundreds of cores. While we are confident of
our errors, in order to be conservative we multiply them by a
factor of two uniformly across the board when we analyze our
data.

VI. ANALYSIS AND RESULTS

Based on weak and strong coupling analysis we have al-
ready argued in section III that the model contains at least two

critical point  ≈ 1?

No indication of a strong
first order transition
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FIG. 5: Plots of the susceptibilities χ1 (left) and χ2 (right) as a function of the coupling constant U for lattice sizes ranging from L = 8 to
L = 28. The inset shows the finite size scalings in the critical region. There is no sign of the L3 divergence expected in the presence of a
non-zero fermion bilinear condensate. A roughly linear divergence appears in the critical region consistent with a second order critical scaling.

phase transition between the two phases. In table I we tabulate
all our data.
We first focus on the average monomer density ρm defined

in Eq. (11) as a function of U . This is plotted in Fig. 4 for
L = 8, 12 and 16. We find the density to be a smooth function
of U for all values of L and most importantly the thermody-
namic limit is reached by L = 16 for all values of U . There is
no evidence for a first order transition. However, since there
should at least be one transition as a function of U , the quick
but smooth rise of the monomer density around U ≈ 1 can
be taken to be a signal for such a second order transition. The
lack of any other feature in ρm as a function of U also pro-
vides evidence that there is only a single phase transition.
Since ρm is not a critical quantity, we need to look at other

observables like the chiral susceptibilities χ1 and χ2 defined
in Eq. (9), in order to understand the properties of the phase
transition. These susceptibilities couple to long wavelength
modes of the theory and will diverge at a second order criti-
cal point. Another interesting feature of the definitions of χ1

and χ2 is that the disconnected component has not been sub-
tracted. Hence in the presence of non-zero fermion bilinear
condensates we expect both χ1 and χ2 to diverge as L3. In
Fig. (5) we plot χ1 and χ2 as functions of U for various val-
ues of L. In the inset of Fig. (5) we plot the finite size effects
on the susceptibilities around U ≈ 1 where such effects are
maximum. We find that for a fixed L both susceptibilities are
smooth functions of U with a clear peak around U ≈ 1 as
expected from ρm data. As L increases, the location of the
peak Upeak moves to the left and the value of the peak χpeak

i
increases.
Surprisingly there is no indication whatsoever for the L3

divergence in the susceptibilities from Fig. (5). As the inset
shows, at both U = 0.8 and U = 1.2 the susceptibilities sat-
urate for large L, while at U = 0.96, both the susceptibilities
do seem to diverge but only linearly. As we discuss below,
this divergence is consistent with the usual scaling at a sec-
ond order critical point. Based on this evidence we conclude

that both fermion bilinear condensates ⟨φx,1⟩ and ⟨φx,2⟩ van-
ish for all values of U . Due to the SU(4) symmetry present in
the model the same must be true for all the other condensates
discussed in section II. Finally, we note that both χ1 and χ2

are very similar for all values of U , except near U = 0 where
one can see from Fig. (5) that χ1 ̸= 0 but χ2 = 0 as expected.
We next quantify the divergence of χ1 and χ2 around U ≈

1 in order to verify that it is consistent with a second order
transition. Defining x = (U − Uc)L1/ν , near a second order
transition we expect both susceptibilities to satisfy the finite
size scaling relations,

χi(U,L) = L2−ηfi(x), (34)

where η and ν are the usual critical exponents and fi(x) are
analytic functions for small values of x. In previous studies
it was possible to use Eq. (34) by expanding f(x) in a power
series up to x4, and fit the Monte Carlo data to it and thus
extract the critical coupling and exponents [43, 51]. Unfortu-
nately, in our current study such an analysis seems to be quite
unstable. It is possible that the function f(x) cannot easily be
approximated with a few terms in the range of the available
data. Hence, we need to find a way to combine our data in the
small x region with some information from the large x region
using a more elaborate analysis.
Consider χ(U,L) as a function of U for a fixed value of L.

From Fig. 5 we see that this function has a peak at some value
U = Upeak. On the other hand from Eq. (34) we notice that
the peak occurs at the value x = xpeak where df(x)/dx = 0.
Althoughxpeak will not be small it will still satisfy the relation

Upeak = Uc +
xpeak

L1/ν
. (35)

Further, the value of χ at U = Upeak will be given by

χpeak
i = L2−ηfi(xpeak). (36)

Thus, if we know the values of Upeak and χpeak we can com-
bine Eqs. (35) and (36) valid at large values of x along with
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FIG. 5: Plots of the susceptibilities χ1 (left) and χ2 (right) as a function of the coupling constant U for lattice sizes ranging from L = 8 to
L = 28. The inset shows the finite size scalings in the critical region. There is no sign of the L3 divergence expected in the presence of a
non-zero fermion bilinear condensate. A roughly linear divergence appears in the critical region consistent with a second order critical scaling.

phase transition between the two phases. In table I we tabulate
all our data.
We first focus on the average monomer density ρm defined

in Eq. (11) as a function of U . This is plotted in Fig. 4 for
L = 8, 12 and 16. We find the density to be a smooth function
of U for all values of L and most importantly the thermody-
namic limit is reached by L = 16 for all values of U . There is
no evidence for a first order transition. However, since there
should at least be one transition as a function of U , the quick
but smooth rise of the monomer density around U ≈ 1 can
be taken to be a signal for such a second order transition. The
lack of any other feature in ρm as a function of U also pro-
vides evidence that there is only a single phase transition.
Since ρm is not a critical quantity, we need to look at other

observables like the chiral susceptibilities χ1 and χ2 defined
in Eq. (9), in order to understand the properties of the phase
transition. These susceptibilities couple to long wavelength
modes of the theory and will diverge at a second order criti-
cal point. Another interesting feature of the definitions of χ1

and χ2 is that the disconnected component has not been sub-
tracted. Hence in the presence of non-zero fermion bilinear
condensates we expect both χ1 and χ2 to diverge as L3. In
Fig. (5) we plot χ1 and χ2 as functions of U for various val-
ues of L. In the inset of Fig. (5) we plot the finite size effects
on the susceptibilities around U ≈ 1 where such effects are
maximum. We find that for a fixed L both susceptibilities are
smooth functions of U with a clear peak around U ≈ 1 as
expected from ρm data. As L increases, the location of the
peak Upeak moves to the left and the value of the peak χpeak

i
increases.
Surprisingly there is no indication whatsoever for the L3

divergence in the susceptibilities from Fig. (5). As the inset
shows, at both U = 0.8 and U = 1.2 the susceptibilities sat-
urate for large L, while at U = 0.96, both the susceptibilities
do seem to diverge but only linearly. As we discuss below,
this divergence is consistent with the usual scaling at a sec-
ond order critical point. Based on this evidence we conclude

that both fermion bilinear condensates ⟨φx,1⟩ and ⟨φx,2⟩ van-
ish for all values of U . Due to the SU(4) symmetry present in
the model the same must be true for all the other condensates
discussed in section II. Finally, we note that both χ1 and χ2

are very similar for all values of U , except near U = 0 where
one can see from Fig. (5) that χ1 ̸= 0 but χ2 = 0 as expected.
We next quantify the divergence of χ1 and χ2 around U ≈

1 in order to verify that it is consistent with a second order
transition. Defining x = (U − Uc)L1/ν , near a second order
transition we expect both susceptibilities to satisfy the finite
size scaling relations,

χi(U,L) = L2−ηfi(x), (34)

where η and ν are the usual critical exponents and fi(x) are
analytic functions for small values of x. In previous studies
it was possible to use Eq. (34) by expanding f(x) in a power
series up to x4, and fit the Monte Carlo data to it and thus
extract the critical coupling and exponents [43, 51]. Unfortu-
nately, in our current study such an analysis seems to be quite
unstable. It is possible that the function f(x) cannot easily be
approximated with a few terms in the range of the available
data. Hence, we need to find a way to combine our data in the
small x region with some information from the large x region
using a more elaborate analysis.
Consider χ(U,L) as a function of U for a fixed value of L.

From Fig. 5 we see that this function has a peak at some value
U = Upeak. On the other hand from Eq. (34) we notice that
the peak occurs at the value x = xpeak where df(x)/dx = 0.
Althoughxpeak will not be small it will still satisfy the relation

Upeak = Uc +
xpeak

L1/ν
. (35)

Further, the value of χ at U = Upeak will be given by

χpeak
i = L2−ηfi(xpeak). (36)

Thus, if we know the values of Upeak and χpeak we can com-
bine Eqs. (35) and (36) valid at large values of x along with

In the presence of a non-zero

fermion bilinear condensate we expect �2 ⇠ L3.
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FIG. 4: Plot of R1 as a function of L for various values of U
near the critical region. The solid lines are fits to the form
1/L1+⌘ where ⌘ values are given in table I, except at U = 1.03
where the solid line has the form exp(�0.07L) suggesting the
fermions are already massive.

FIG. 5: Plots of R1 as a function of U for various lattice sizes
showing peaks. The values of the peaks R1,p and their loca-
tions U1,p are also marked. These are determined by approx-
imating the function to be a quadratic near the maximum.

the entire data set. Two of these fits are shown in the left
plot of Fig. 6. Using these fits and including various sys-
tematic errors we estimate ⌘ = 1.05(5). Combining this
result with that of Table I, we constrain U

c

= 0.943(2).
Using this result along with our data for U

a,p

and its
expected scaling form we can again perform combined
fits to obtain ⌫. One such fit is shown in the right plot
of Fig. 6. Using these fits we estimate ⌫ = 1.30(7). In
Fig. 7 we verify if our large lattice data falls on a sin-
gle universal scaling function when we fix U

c

= 0.943,
⌘ = 1.05 and ⌫ = 1.30. The fact that the data falls on
a single curve gives us confidence that this is indeed the
case. However, we must note that if we allow for scaling
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FIG. 6: Plots of R1,p and R2p as a function of L (left figure)
and U1,p and U2,p as a function of L. The solid lines represent
fits to the form Ra,p = ba/L

1+⌘ and Ua,p = Uc + da/L
⌫ with

Uc = 0.943 fixed. The dashed line is a fit including correction
to scaling of the form R2,p = b2/L

1+⌘ + c2/L
1+⌘+!, where

! ⇡ 1.

FIG. 7: Evidence for universal scaling in our large lattice data
with Uc = 0.943, ⌘ = 1.08, and ⌫ = 1.30. Our data may also
be consistent with Uc = 0.945, ⌘ = 1, and ⌫ = 1 expected
from large N analysis (shown in the inset), but only after
including corrections to scaling.

corrections to be present in our fits we cannot rule out
U

c

= 0.945, ⌘ = 1.0 and ⌫ = 1.0 as expected from large
N four-fermion models [35]. The universal scaling with
these exponents is shown in the inset of Fig. 7.

To summarize, we have established the existence of
a three dimensional exotic second order phase transi-
tion between a massless and a massive fermion phase,
both of which have the same lattice symmetries. Such a
transition implies that fermion mass generation can be a
dynamical phenomenon not necessarily driven by spon-
taneous symmetry breaking. Such transitions may also
exist in four space-time dimensions.
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the entire data set. Two of these fits are shown in the left
plot of Fig. 6. Using these fits and including various sys-
tematic errors we estimate ⌘ = 1.05(5). Combining this
result with that of Table I, we constrain U
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= 0.943(2).
Using this result along with our data for U
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and its
expected scaling form we can again perform combined
fits to obtain ⌫. One such fit is shown in the right plot
of Fig. 6. Using these fits we estimate ⌫ = 1.30(7). In
Fig. 7 we verify if our large lattice data falls on a sin-
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FIG. 7: Evidence for universal scaling in our large lattice data
with Uc = 0.943, ⌘ = 1.08, and ⌫ = 1.30. Our data may also
be consistent with Uc = 0.945, ⌘ = 1, and ⌫ = 1 expected
from large N analysis (shown in the inset), but only after
including corrections to scaling.

corrections to be present in our fits we cannot rule out
U

c

= 0.945, ⌘ = 1.0 and ⌫ = 1.0 as expected from large
N four-fermion models [35]. The universal scaling with
these exponents is shown in the inset of Fig. 7.

To summarize, we have established the existence of
a three dimensional exotic second order phase transi-
tion between a massless and a massive fermion phase,
both of which have the same lattice symmetries. Such a
transition implies that fermion mass generation can be a
dynamical phenomenon not necessarily driven by spon-
taneous symmetry breaking. Such transitions may also
exist in four space-time dimensions.
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the entire data set. Two of these fits are shown in the left
plot of Fig. 6. Using these fits and including various sys-
tematic errors we estimate ⌘ = 1.05(5). Combining this
result with that of Table I, we constrain U

c

= 0.943(2).
Using this result along with our data for U

a,p

and its
expected scaling form we can again perform combined
fits to obtain ⌫. One such fit is shown in the right plot
of Fig. 6. Using these fits we estimate ⌫ = 1.30(7). In
Fig. 7 we verify if our large lattice data falls on a sin-
gle universal scaling function when we fix U
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= 0.943,
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FIG. 7: Evidence for universal scaling in our large lattice data
with Uc = 0.943, ⌘ = 1.08, and ⌫ = 1.30. Our data may also
be consistent with Uc = 0.945, ⌘ = 1, and ⌫ = 1 expected
from large N analysis (shown in the inset), but only after
including corrections to scaling.

corrections to be present in our fits we cannot rule out
U

c

= 0.945, ⌘ = 1.0 and ⌫ = 1.0 as expected from large
N four-fermion models [35]. The universal scaling with
these exponents is shown in the inset of Fig. 7.

To summarize, we have established the existence of
a three dimensional exotic second order phase transi-
tion between a massless and a massive fermion phase,
both of which have the same lattice symmetries. Such a
transition implies that fermion mass generation can be a
dynamical phenomenon not necessarily driven by spon-
taneous symmetry breaking. Such transitions may also
exist in four space-time dimensions.
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the entire data set. Two of these fits are shown in the left
plot of Fig. 6. Using these fits and including various sys-
tematic errors we estimate ⌘ = 1.05(5). Combining this
result with that of Table I, we constrain U

c

= 0.943(2).
Using this result along with our data for U

a,p

and its
expected scaling form we can again perform combined
fits to obtain ⌫. One such fit is shown in the right plot
of Fig. 6. Using these fits we estimate ⌫ = 1.30(7). In
Fig. 7 we verify if our large lattice data falls on a sin-
gle universal scaling function when we fix U

c

= 0.943,
⌘ = 1.05 and ⌫ = 1.30. The fact that the data falls on
a single curve gives us confidence that this is indeed the
case. However, we must note that if we allow for scaling
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FIG. 7: Evidence for universal scaling in our large lattice data
with Uc = 0.943, ⌘ = 1.08, and ⌫ = 1.30. Our data may also
be consistent with Uc = 0.945, ⌘ = 1, and ⌫ = 1 expected
from large N analysis (shown in the inset), but only after
including corrections to scaling.

corrections to be present in our fits we cannot rule out
U

c

= 0.945, ⌘ = 1.0 and ⌫ = 1.0 as expected from large
N four-fermion models [35]. The universal scaling with
these exponents is shown in the inset of Fig. 7.

To summarize, we have established the existence of
a three dimensional exotic second order phase transi-
tion between a massless and a massive fermion phase,
both of which have the same lattice symmetries. Such a
transition implies that fermion mass generation can be a
dynamical phenomenon not necessarily driven by spon-
taneous symmetry breaking. Such transitions may also
exist in four space-time dimensions.
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the entire data set. Two of these fits are shown in the left
plot of Fig. 6. Using these fits and including various sys-
tematic errors we estimate ⌘ = 1.05(5). Combining this
result with that of Table I, we constrain U

c

= 0.943(2).
Using this result along with our data for U

a,p

and its
expected scaling form we can again perform combined
fits to obtain ⌫. One such fit is shown in the right plot
of Fig. 6. Using these fits we estimate ⌫ = 1.30(7). In
Fig. 7 we verify if our large lattice data falls on a sin-
gle universal scaling function when we fix U

c

= 0.943,
⌘ = 1.05 and ⌫ = 1.30. The fact that the data falls on
a single curve gives us confidence that this is indeed the
case. However, we must note that if we allow for scaling
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be consistent with Uc = 0.945, ⌘ = 1, and ⌫ = 1 expected
from large N analysis (shown in the inset), but only after
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= 0.945, ⌘ = 1.0 and ⌫ = 1.0 as expected from large
N four-fermion models [35]. The universal scaling with
these exponents is shown in the inset of Fig. 7.
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dynamical phenomenon not necessarily driven by spon-
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of Fig. 6. Using these fits we estimate ⌫ = 1.30(7). In
Fig. 7 we verify if our large lattice data falls on a sin-
gle universal scaling function when we fix U
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including corrections to scaling.

corrections to be present in our fits we cannot rule out
U

c

= 0.945, ⌘ = 1.0 and ⌫ = 1.0 as expected from large
N four-fermion models [35]. The universal scaling with
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fits to obtain ⌫. One such fit is shown in the right plot
of Fig. 6. Using these fits we estimate ⌫ = 1.30(7). In
Fig. 7 we verify if our large lattice data falls on a sin-
gle universal scaling function when we fix U

c

= 0.943,
⌘ = 1.05 and ⌫ = 1.30. The fact that the data falls on
a single curve gives us confidence that this is indeed the
case. However, we must note that if we allow for scaling

24 28 32 36 40 44
L

0

0.005

0.01

0.015

R
a,
p

R1,p
R2,p

24 28 32 36 40 44
L

1

1.01

1.02

1.03

1.04

1.05

U
a,
p

U1,p
U2,p

FIG. 6: Plots of R1,p and R2p as a function of L (left figure)
and U1,p and U2,p as a function of L. The solid lines represent
fits to the form Ra,p = ba/L

1+⌘ and Ua,p = Uc + da/L
⌫ with

Uc = 0.943 fixed. The dashed line is a fit including correction
to scaling of the form R2,p = b2/L

1+⌘ + c2/L
1+⌘+!, where

! ⇡ 1.

FIG. 7: Evidence for universal scaling in our large lattice data
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from large N analysis (shown in the inset), but only after
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Fig. 7 we verify if our large lattice data falls on a sin-
gle universal scaling function when we fix U

c

= 0.943,
⌘ = 1.05 and ⌫ = 1.30. The fact that the data falls on
a single curve gives us confidence that this is indeed the
case. However, we must note that if we allow for scaling
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FIG. 7: Evidence for universal scaling in our large lattice data
with Uc = 0.943, ⌘ = 1.08, and ⌫ = 1.30. Our data may also
be consistent with Uc = 0.945, ⌘ = 1, and ⌫ = 1 expected
from large N analysis (shown in the inset), but only after
including corrections to scaling.

corrections to be present in our fits we cannot rule out
U

c

= 0.945, ⌘ = 1.0 and ⌫ = 1.0 as expected from large
N four-fermion models [35]. The universal scaling with
these exponents is shown in the inset of Fig. 7.

To summarize, we have established the existence of
a three dimensional exotic second order phase transi-
tion between a massless and a massive fermion phase,
both of which have the same lattice symmetries. Such a
transition implies that fermion mass generation can be a
dynamical phenomenon not necessarily driven by spon-
taneous symmetry breaking. Such transitions may also
exist in four space-time dimensions.
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5 Evidence for an Intermediate Phase

Having established the presence of the PMW phase at weak couplings and a PMS phase at strong
couplings, the next question we address is whether there is a direct phase transition between these two
phases or is there an intermediate phase where one or more of the lattice symmetries are spontaneously
broken. A direct second order phase transition, if it exists, would be quite exciting since one can then
tune to that critical point from the PMS phase and obtain light fermion masses as compared to the
lattice cutoff. Thus, one would be able to explore a possible continuum limit of the PMS phase.

Previous results found an intermediate phase with spontaneous symmetry breaking. However, the
work done was mostly based on mean field theory and although some Monte Carlo calculations seem
to have been performed, the details remain sketchy. Some involved the quenched approximation, while
others were done in the presence of a fermion mass. In particular the nature of the phase boundaries
and their locations remained undetermined. Finally, the inclusion of a dynamical Higgs field changes
the symmetries of the problem and could have influenced the conclusions. Here we do Monte Carlo
calculations in the fermion bag approach and work directly with massless fermions, which provides a
much clearer picture. Although, the fermion bag algorithms scale badly with system size (especially in
4d) and we are restricted to rather small lattices ( in particular L  12, we have one result at L = 14

at U = 1.75), we can use finite size scaling to determine the phase boundaries accurately.
We first show results for the four-fermion condensate which we define through the monomer density
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Figure 4. The plots on the left show 2�1/L
4 and 2�2/L

4 as a function of L at U = 1.67 (squares) and 1.75

(circles). The data for chi1 is the higher one. The plot on the right shows the condensate � = hO0
ab(x)i as a

function of U . We see the intermediate broken phase extends roughly from 1.60  U  1.81.

We have normalized the condensate such that ⇢
m

= 0 at U = 0 and ⇢
m

= 1 at U = 1. In Fig.3 (on
the left side) we plot the behavior of ⇢

m

as a function of U for various lattice sizes. As in the case of
3d, the condensate increases rapidly but smoothly between U = 1.5 and 2.0 suggesting the absence
of any first order transitions. However, with this data alone it is unclear if there is a single second
order transition due to the absence of an intermediate phase, or two second order transitions due its
presence. For this purpose we compute the two independent susceptibilities
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that help in determining if � = hO0

ab

(x)i 6= 0. We show the behavior of these susceptibilities in Fig.
(3) (on the right side), where we plot �

1

as a function of U for various lattice sizes. We find that �
2

is qualitatively similar.
In general, �

1

6= �
2

, as can be easily verified for small values of U . However, for large values of
U they become almost similar. In fact assuming a condensate forms, we expect �

1

⇠ �
2

⇠ �

2L4/2.
In other words a clear signature for the formation of the condensate is the volume scaling of the
susceptibilities and that for large L the two susceptibilities become identical. In Fig.4 (on the left
side) we plot 2�

1

/L4 and 2�
2

/L4 as a function of L at U = 1.67 and 1.75. The fact that the data
seems to be saturating, we believe is a sign that a condensate is forming. Further, we observe that
�
1

⇠ �
2

for the highest two lattices, which provides further evidence for this view point. In contrast,
in three dimensions we never found evidence that �

i

/L3 saturates [9]. Fitting our data to the form

� =

1

2

�

2L4

+ bL2, (5.3)

which we found emperically to be a good form for the behavior of the susceptibilities in the intermediate
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5 Evidence for an Intermediate Phase

Having established the presence of the PMW phase at weak couplings and a PMS phase at strong
couplings, the next question we address is whether there is a direct phase transition between these two
phases or is there an intermediate phase where one or more of the lattice symmetries are spontaneously
broken. A direct second order phase transition, if it exists, would be quite exciting since one can then
tune to that critical point from the PMS phase and obtain light fermion masses as compared to the
lattice cutoff. Thus, one would be able to explore a possible continuum limit of the PMS phase.

Previous results found an intermediate phase with spontaneous symmetry breaking. However, the
work done was mostly based on mean field theory and although some Monte Carlo calculations seem
to have been performed, the details remain sketchy. Some involved the quenched approximation, while
others were done in the presence of a fermion mass. In particular the nature of the phase boundaries
and their locations remained undetermined. Finally, the inclusion of a dynamical Higgs field changes
the symmetries of the problem and could have influenced the conclusions. Here we do Monte Carlo
calculations in the fermion bag approach and work directly with massless fermions, which provides a
much clearer picture. Although, the fermion bag algorithms scale badly with system size (especially in
4d) and we are restricted to rather small lattices ( in particular L  12, we have one result at L = 14
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• Lots of unanswered questions!

What is the QFT in the continuum limit? 

Could there be emergent gauge fields? 

Can we formulate chiral fermions using these ideas? 

Are there applications to BSM phenomenology?


